A study on the axisymmetric near-contact motion of drops with tangentially mobile interfaces under the action of a body force in a quiescent fluid is described. A long-time asymptotic analysis is presented for small-deformation conditions. Under these conditions the drops are nearly spherical, except in the near-contact region, where a flattened thin film forms. According to our analysis, a hydrostatic dome does not form in the near-contact region at long times, in contrast to the assumption underlying all previous analyses of this problem. Instead, the shape of the film in the near-contact region results from the absence of tangential stresses acting on it. As a result, the long-time behaviour of the system is qualitatively different than previously predicted. According to the theory presented herein, the minimum film thickness (rim region) decays with time as h m ∼ t −4/5 , and the thickness at the centre of the film decays as h 0 ∼ t
Introduction
Drop coalescence is a familiar process relevant to a broad range of engineering applications, including emulsions (Vaessen, Visschers & Stein 1996; Eow et al. 2001; Verdier & Brizard 2002; Cristini & Tan 2004) , foams (Pozrikidis 2002) , aerosols (Gopinath & Koch 2002) , polymer blends (Sundararaj & Macosko 1995; Fortelny & Zivny 1998; Lyu, Bates & Macosko 2002; Lekkerkerker et al. 2008) , food processing (Senee, Robillard & Vignes-Adler 1999) , and advanced materials (Ratke & Diefenbach 1995; Brandenberger et al. 1999; Manoharan et al. 2001) . Thus, coalescence continues † Email address for correspondence: mbnemer@sandia.gov 472 M. B. Nemer, P. Santoro, X. Chen, J. Bławzdziewicz and M. Loewenberg to be a focus of fundamental studies (e.g. Chesters 1991; Manga & Stone 1993; Li & Liu 1996; Yang et al. 2001; Mehdi-Nejad, Mostaghimi & Chandra 2003; Yoon et al. 2007; Edwards et al. 2009; Chan, Klaseboer & Manica 2011) .
In general, coalescence requires a driving force to push drops together as well as short-range non-hydrodynamic forces (e.g. van der Waals attraction) which are ultimately needed to rupture the flattened thin liquid film that forms in the near-contact region between the drop interfaces (Zhang & Lister 1999; Witelski & Bernoff 1999; Vaynblat, Lister & Witelski 2001; Conner & Horn 2003) . For many systems, the rate-limiting step for coalescence is associated with the time required to squeeze fluid out of the liquid film, with confluence of the drops occurring quickly once the film thins sufficiently for van der Waals attraction to become effective (Eggers, Lister & Stone 1999; Aarts et al. 2005) . Thus, many studies have focused on the nonlinear hydrodynamics of film drainage.
Yet despite its practical relevance to many fields of engineering and science, the hydrodynamic problem of near-contact motion of drops with deformable interfaces is not well understood. There have been a number of fully numerical studies of nearcontact drop dynamics under finite-deformation conditions (Ascoli, Dandy & Leal 1990; Pozrikidis 1990; Janssen et al. 2006 ) but these simulations have difficulty resolving the evolution of the thin liquid film between the drop interfaces and are unable to resolve the long-time asymptotic behaviour of the film drainage dynamics. Film drainage has been analysed using a thin-film lubrication approximation under small-deformation conditions where the drops are nearly spherical away from the nearcontact region (Frankel & Mysels 1962; Hartland 1967; Brown & Hanson 1967; Jones & Wilson 1978; Yiantsios & Davis 1990 , 1991 Rother, Zinchenko & Davis 1997 ). However, a detailed understanding of the film drainage process has been achieved only for films with tangentially immobile interfaces (e.g. immobile due to the presence of surfactant); the current understanding of film drainage for films with tangentially mobile interfaces is much less complete, because of the complex, non-local nature of the process in this case.
A detailed theory of film drainage for the axisymmetric near-contact motion of drops with tangentially immobile interfaces under small deformation conditions was developed by Frankel & Mysels (1962) , Hartland (1967) , Brown & Hanson (1967) and Yiantsios & Davis (1990) . According to their theory, at sufficiently long times the film profile can be divided into three asymptotic regions: (i) a concave central 'dome' region where the pressure p is slightly higher than the capillary pressure inside the drops; (ii) a narrow 'rim' region where film thickness achieves its minimal value and the pressure varies rapidly; and (iii) an outside region where the film profile matches the slightly deformed drop shape, and the pressure approaches the ambient pressure. A long-time asymptotic analysis based on this picture shows that film drainage is controlled by viscous stresses associated with the local pressure-driven flow in the rim region. Moreover, the flow in the central dome region is too weak to significantly affect the shape of the dome at long times; the dome thus has a constant mean curvature determined by the hydrostatic pressure.
The situation is considerably more complicated for drops with tangentially mobile interfaces. In this case, the tangential motion of the interface drives fluid circulation inside the drops, which generates tangential viscous stresses on the interface. As a result, the tangential velocity and tangential stresses are non-locally coupled on the film interface through a boundary-integral term. Jones & Wilson (1978) showed that this coupling leads to a formidable nonlinear integro-differential equation for the film profile. This equation has never been solved, in contrast to the local nonlinear differential equation that governs the film profile in the immobile case.
The current understanding of the drainage dynamics for tangentially mobile films is based on an extrapolation of the theory developed for tangentially immobile films. In particular, it is assumed that hydrostatic conditions apply in the central region of the thin film, resulting in the formation of a constant-mean-curvature dome at long times. A scaling argument, predicated on this assumption, leads to the classical prediction for the long-time evolution of the film profile (Jones & Wilson 1978) 
where h 0 is the film thickness at the centre of the dome region and h m is the minimum film thickness which occurs in the rim region. Attempts have been made to verify this scaling using thin-film simulations (Yiantsios & Davis 1990 , 1991 Rother et al. 1997) , but the results are inconclusive because the long-time regime has not been adequately explored.
In the present paper we solve the nonlinear integro-differential thin-film equations, and provide the first quantitative theory for the near-contact motion of drops with tangentially mobile interfaces. The picture that emerges from our analysis contradicts the classical hydrostatic dome assumption. Our calculations lead to new predictions for the long-time asymptotic behaviour of the film. We show that the classical prediction of the film thickness evolution (1.1) is incorrect: the correct power-law exponents are significantly larger, resulting in faster film drainage.
The key distinction between the drainage dynamics of tangentially mobile and tangentially immobile films lies in the weaker flow resistance of the rim region. For tangentially immobile films, the velocity gradients that determine the flow resistance in the rim region have a length scale set by the film thickness in the rim. By contrast, the flow in films with tangentially mobile interfaces is dominated by a plug-flow component. Thus the velocity gradients that determine the flow resistance of the rim region have a length scale set by the width of the rim. As the result of the weaker resistance to flow in the rim region, the pressure variation in the dome region remains large enough to affect the shape of the film even in the asymptotic long-time limit.
Our assumptions and the governing equations are given in § 2. Scaling arguments to predict the long-time asymptotic evolution of the system are presented in § 3. A complete matched asymptotic analysis of the problem is presented in § § 4 and 5. The predictions of our theory are compared to numerical simulations in § 6. Film rupture and the influence of an ambient flow are discussed in § 7, and concluding remarks are made in § 8.
Thin film equations
As shown in figure 1, we consider the axisymmetric near-contact motion of two drops (i = 1, 2) with radii a i , viscosityμ, and interfacial tension σ . The drops are driven towards each other by equal and opposite body forces F 1 = F/2 and F 2 = −F/2 in a quiescent fluid with viscosity µ. Small deformation conditions r ∞ a are assumed, where a
2 is the reduced drop radius, and r ∞ is the radius of the flattened thin-film region depicted in figure 1(b). Constant interfacial tension is assumed. The ambient pressure far from the drops is set to zero.
The flattened thin film forms when the lubrication pressure in the fluid film between the drop interfaces becomes comparable to the capillary pressure σ/a. At long times, p ≈ σ/a in the region r < r ∞ (where r is the radial coordinate defined in figure 1 ), 474 M. B. Nemer, P. Santoro, X. Chen, J. Bławzdziewicz and M. Loewenberg 
FIGURE 1. (a) Drops with radii a 1 , a 2 subjected to body forces
Magnified and stretched view of the near-contact region indicated in part (a) by a dashed line. The picture shows the cylindrical coordinate system (r, z), width of thin film r ∞ , and film profile, h(r), which is characterized by the minimum film thickness, h m , and the film thickness at the centre, h 0 .
and p ≈ 0 outside this region. Thus we have the force balance F = πr 2 ∞ σ/a between the external force F and the lubrication force generated by the pressure in the film. Accordingly, for a constant external force, the radius of the film tends to a constant value given by Derjaguin & Kussakov (1939) :
In the flattened region r < r ∞ the fluid film is thin, i.e. h r ∞ , and varies slowly on the lateral length scale, i.e. dh/dr 1, and thus a lubrication description of the film dynamics is appropriate. Following Chesters (1991), Saboni, Gourdon & Chesters (1995) and Rother et al. (1997) , we non-dimensionalize the radial coordinate r by the extent of the flattened film r ∞ , and non-dimensionalize the film thickness h, time t, pressure p, and tangential stress f on the film interfaces by the characteristic scales (indicated by subscript c)
The lateral velocity is non-dimensionalized by r ∞ /t c . The characteristic film thickness h c corresponds to the gap width between the drop interfaces when the flattened film initially forms, the time scale t c corresponds to the initial rate of film thinning, p c is the capillary pressure, and f c is the average tangential stress on the film interfaces.
In terms of these rescaled variables, the lubrication equations are independent of system parameters such as the drop size and magnitude of the pushing force (Chesters 1991) . Under the additional assumption that the drop-to continuous-phase viscosity ratio is in the range
3) the lubrication equations are also independent of the continuous-phase viscosity (Jones & Wilson 1978; Davis, Schonberg & Rallison 1989; Yiantsios & Davis 1990 ). According to assumption (2.3), our results apply in most liquid-liquid systems, but do not apply for extreme viscosity ratiosμ/µ → 0 orμ/µ → ∞. In the viscosity regime (2.3) the film interfaces are highly mobile, and therefore the resistance for fluid drainage from the film is relatively small. This resistance is associated with the tangential viscous stresses f generated on the film interfaces by the flow inside the drops. The inside flow is driven by the motion of the interface in the near-contact region, and it decays to zero away from the near-contact region under the assumption that the drops are in a quiescent fluid. Gradients of the flow inside the drops are comparatively weak since it varies on the lateral length scale, r ∞ , rather than the length scale set by the film thickness.
The tangential balance between the inside and outside stresses on the film interfaces thus requires that there is only a small parabolic pressure-driven flow component in the film. The radial velocity has, essentially, a 'plug' profile, u(r, z) = u(r) (where z is the transverse coordinate). Hence, the velocity averaged across the film and the interfacial velocity are the same in the leading-order lubrication approximation.
The set of dimensionless lubrication equations governing film drainage dynamics include a normal stress balance on the film interfaces, radial momentum and continuity equations for the fluid in the film, and a global force balance on the drops (Saboni et al. 1995; Rother et al. 1997) . The normal stress balance relates the local fluid pressure in the film p(r, t) to the local capillary pressure,
where p(r, t) = p(r, t) − 2 is the excess pressure in the film relative to the pressure inside the drops. Conservation of radial momentum requires that tangential viscous tractions on the fluid interfaces, f , balance the pressure gradient in the film,
Conservation of the fluid in the film is enforced by the continuity equation, 6) where the dot denotes the time derivative, and ω(r, t) = ru(r, t) is the film velocity multiplied by the radial coordinate. The pushing force is balanced by the integral of the lubrication pressure according to the global force balance,
The tangential stress on the film interfaces f (r, t) associated with the flow inside the drops is non-locally related to the gradient of the interfacial velocity field ω(r, t) by the boundary integral (Jansons & Lister 1988; Davis et al. 1989; Yiantsios & Davis 1990; Rother et al. 1997) , = 0, (2.9) and matching to the outer, slightly deformed drop shape (Yiantsios & Davis 1990 , 1991 , 10) where the logarithmic term corresponds to the deformation produced by a point force applied to the drop interface at r = 0. Boundary condition (2.10) is consistent with the observation that the film profile becomes hydrostatic at long times with h = 0 for r 1 and h = r 2 /2 − log r − 1/2 for r 1. The set of nonlinear integro-differential equations (2.4)-(2.8) has been extensively studied, but due to the complex nonlinear and non-local structure analytical solutions have not been obtained. The equations are also difficult to solve numerically, and existing results are limited to relatively short times. In § § 3-6 we present a detailed long-time asymptotic solution of the problem, and we compare our results with numerical solutions that resolve the long-time behaviour.
3. Long-time asymptotic scaling 3.1. Central dome and narrow rim regions 3.1.
Dome and rim length scales
In this section we present the main ideas for a long-time matched asymptotic analysis of the film drainage problem defined in § 2. The analysis is based on the observation that as the film drains it develops, at long times, a central dome region of radius r = 1 (in the rescaled variables) and a narrow rim region at the edge of the film r ≈ 1. Since the film thickness at the centre of the dome, h 0 (t), is much larger than the minimum film thickness, h m (t), in the rim (cf. figure 1), the long-time regime corresponds to the asymptotic limit
Outside the rim, r > 1, the film thickness rapidly increases, and the pressure rapidly decays to its ambient value, p = 0. From (2.4), it follows that the curvature in the rim region is O(1). The lateral length scale in the rim region is thus
which confirms the narrowness of the rim at long times. The development of disparate length scales in the dome and rim regions at long times corroborates the use of a matched asymptotic analysis to describe the film profile.
Universal dome and rim profiles
Based on the geometrical picture presented above, we assume that film profiles in the dome and rim regions, rescaled by their respective relevant length scales, attain universal asymptotic forms at long times.
In the dome region we rescale the film profile by the film thickness at the centre,
and seek an asymptotic solution with the form
is the time-independent universal dome profile which satisfies boundary conditionsh
at the axis of symmetry.
In the rim region r → 1, the film profile attains a long-time universal form with the distinct lateral length scale (3.2) set by the width of the rim. Accordingly, we introduce the rescaled lateral variablex defined bỹ
We rescale the film profile in the rim region by the minimum film thickness,
and we seek an asymptotic solution of the film profile for r
whereh r (x) is the time-independent universal rim profile. The minimum film thickness corresponds tox = 0; accordingly, the rim profile satisfies the boundary conditions
Matching the film profile to the outer drop shape (2.10) requires the boundary condition
(3.10)
Matched asymptotic description of film profile
The film profiles in the dome and rim regions are required to match in an overlap region
for x ≈ δ and r ≈ 1 − δ. According to (3.3)-(3.4) and (3.6)-(3.8), we thus have
for δ in the domain (3.11).
Matching the film profile between the dome and rim regions with their distinct respective length scales requires that the film profile is length-scale-independent in the matching region (3.11). Thus, we assume that the film profiles tend to a power-law form in the region where they match, i.e.
The power-law exponent β and coefficientsᾱ andα are positive real numbers that will be determined in our analysis. Inserting the power-law form (3.13) into the matching 478 M. B. Nemer, P. Santoro, X. Chen, J. Bławzdziewicz and M. Loewenberg condition (3.12 ) yields a relation between the minimum and central gaps,
(3.14)
The thickness of the film in the dome and rim regions thus depends on the power-law exponent β that describes the film profile in the overlap region. As shown below, the exponent β also determines the absolute rate of film drainage and is thus a crucial parameter in our analysis.
Power-law scaling for time evolution
Here we show by a scaling argument that the film thickness in the dome and rim regions decay algebraically in time with distinct exponents that depend on the powerlaw exponent β associated with the film profile in the matching region. The results obtained here are formally demonstrated in § 4.
Tangential stresses on the interface of the film (2.8) are generated by fluid circulation inside the drops. In the rim region, the tangential stresses are generated by velocity gradients with length scale (3.2). Accordingly, tangential stresses in the rim region, r ≈ 1, scale as
(3.15)
The tangential stress balances the pressure drop, δp ≈ 2, across the rim, and thus we have
By continuity of the mass flux in the film, the rim velocity is related to the evolution of the centre gap as
Combining (3.15)-(3.17) yields the relation 18) where the quantity q is a constant in the long-time asymptotic regime. Together, this result and the matching relation (3.14) provide two independent equations that can be solved to yield the long-time scaling for the evolution of the film thickness in the rim and dome regions. Inserting (3.14) into (3.18) yields the evolution equation for the central gaṗ
By integrating in time, and using (3.14) again, we thus find 20) where b 0 and b m are positive numerical constants given by
. (3.21) Accordingly, the film thickness in the dome and in the rim regions exhibit power-law decay with exponents determined by the exponent β of the film profile in the matching region (3.13).
Dome shape

Hydrostatic dome
Earlier analyses of drainage of a tangentially mobile film were based on the assumption that tangential viscous stresses, f (r, t), are negligible in the dome region and can thus be omitted from the radial momentum equation (2.5). Accordingly, it was assumed that the dome shape is determined by the hydrostatic pressure condition ∂p(r, t) ∂r = 0, r < 1, (3.22)
as applies rigorously for films with tangentially immobile interfaces. Inserting the hydrostatic condition (3.22) into the normal stress balance (2.4) and using the asymptotic form of the dome profile (3.3)-(3.4) yields the differential equation
that governs the dome profile at long times. Given boundary conditions (3.5) and the matching condition (3.13), which requiresh d (1) = 0, we find that the solution of (3.23) is the parabolic dome,h
The parabolic dome shape (3.24) requires that the film profile in the matching region (3.13) is described by the power-law exponent β = 1. Inserting this value into the power-law scaling for the evolution of the film thickness (3.20) yields the classical but, as we shall show, incorrect result (1.1).
In what follows we show that the parabolic film profile (3.24) is incompatible with the behaviour of the rim profileh r (x) in the matching region; the solution of the film profile in the rim region, presented in § 4, shows that the matching exponent is actually β = 1/2. We resolve this inconsistency between the dome and rim profiles by demonstrating that that for tangentially mobile films, the dome shape is not governed by the hydrostatic pressure condition (3.22) but is instead governed by the asymptotic condition that the film interface in the dome region is free of tangential stress.
Stress-free dome
To show that the universal dome shapeh d (r) at long times does not need to have the hydrostatic form (3.24), we examine the relative magnitudes of the pressure and tangential stress in the radial momentum (2.5).
The magnitude of the excess pressure in the dome region is determined by inserting the asymptotic scaling (3.3) into the normal stress balance (2.4). Accordingly, we obtain
where p(r, t) is the O(1) dome-scaled excess pressure. Similarly, inserting the scaling (3.3) into the continuity equation (2.6) yields the magnitude of the velocity, Nemer, P. Santoro, X. Chen, J. Bławzdziewicz and M. Loewenberg whereω(r, t) is the O(1) dome-scaled velocity. Then, inserting this result into (2.8) yields the magnitude of the tangential stress, 27) wheref (r, t) is the dome-scaled stress. Note that rescaled velocity and stress distributions remain O(1) for t → ∞, whereas the unscaled velocity and stress decay as 1/t. Combining (3.3), (3.25) and (3.27) with (2.5) yields the rescaled stress balance in the dome region,
where
According to (3.28), the asymptotic dome profile depends on the long-time behaviour of the function H(t). If H(t) vanishes at long times, the hydrostatic condition (3.22) is obtained, which leads to the parabolic dome profile (3.24). However, if H(t) diverges in the long-time limit, the asymptotic dome shape is governed by the condition that the tangential stresses on the film interface vanish in the dome region, i.e.
f (r, t) = 0, r < 1. ; thus, H(t) decays for ν < 1/2 and grows for ν > 1/2. Relation (3.28) thus implies that a hydrostatic dome forms for slowly draining films, and a stress-free dome forms for films that drain sufficiently fast. This behaviour is consistent with the intuition that a hydrostatic dome requires a large hydrodynamic resistance in the rim to retain the hydrostatic pressure.
The dome drainage exponent ν is related to the exponent β that describes film profile in the matching region (3.13) by (3.20) . Inserting the first of the scaling relations (3.20) into (3.29) yields
According to (3.31), a hydrostatic or stress-free dome forms in the long-time asymptotic regime, depending on whether β > 2/3 or β < 2/3. A detailed analysis of the rim region, presented in § 4, shows that the correct value of the exponent describing the film profile in the matching region (3.13) is given by
according to (3.31), and it follows that the dome profile is governed by the stress-free condition (3.30) at long times. According to (3.20) and (3.32), the predicted time evolution of the film profile is given by
instead of the classical scaling (1.1).
Asymptotic rim profile
Our two key results obtained so far, i.e. that (i) the dome region is stress-free (3.30) rather than hydrostatic, and (ii) the film thickness decays according to the new power-law exponents (3.33), were derived in § 3 under the assumption that the power-law exponent β in the matching region is given by (3.32). In this section and in § 5, we present a detailed asymptotic analysis of the thin-film equations (2.4)-(2.8) to support these claims and present a complete long-time asymptotic solution of the problem. In the remainder of this section, we analyse the film profile in the rim region; the dome region is analysed in § 5.
Fluid velocity
The fluid velocity field ω(r, t) and film thickness profile h(r, t) are related via the continuity equation (2.6). Upon integration this equation yields
is a time-dependent surface integral of the local drainage rateḣ(r, t).
Since the fluid velocity at a radial position r depends on the drainage rate for R r according to (4.2), the fluid flow in the rim, r ≈ 1, depends onḣ(r, t) everywhere in the dome r < 1. Using the asymptotic scaling of the film profile in the dome region (3.3)-(3.4), we obtain the simplification
which allows us to express the spatial dependence of the velocity field in terms of the static volume integralΩ
For r 1, the narrow rim region makes a negligible O(h 1/2 m (t)) contribution to the integral (4.2) at long times and there is no contribution from the static outer drop shape (2.10). Accordingly, we have Ω(r, t) ≈ḣ 0 (t)Ω 1 , r 1, (4.5)
is the volume of the dome region. This result reflects the fact that the total flux of fluid out of the film is dominated by film drainage in the dome. Applying approximation (4.5) to the velocity (4.1), we obtain (4.6) for the velocity in the rim and outer regions. In both of these regions, (4.6) reduces to a separable form with factorized spatial and temporal dependencies. In the rim region, we have
whereh r (x) is the asymptotic film profile in the rim (3.8), andx is the lateral coordinate in the rim region (3.6). By inserting the far-field film profile (2.10) 482 M. B. Nemer, P. Santoro, X. Chen, J. Bławzdziewicz and M. Loewenberg into (4.6), we find that the velocity field decays in the outer region as
for r → ∞.
(4.8)
We note that (4.7) supports the estimate (3.17) for the velocity in the rim region.
Asymptotic rim equation
The equation governing the long-time asymptotic film profile in the rim region is obtained by recasting thin-film equations in terms of the rim variables (3.6)-(3.8), and retaining only the leading-order terms in the width of the rim l m = h 1/2 m (t). From the normal-stress-balance equation (2.4) we get
and we seek the long-time asymptotic form,
where p r (x) is the time-independent universal pressure distribution in the rim. Inserting the factorized expression (4.7) for the rim velocity into the boundaryintegral relation (2.8) and using the limiting two-dimensional form (A 4) of the Green's function yields is the time-independent universal stress distribution in the rim. The equation that governs the asymptotic rim profile at long times is obtained by expressing the stress balance relation (2.5) in terms of rim variables (3.6)-(3.8) and inserting the expressions (4.10) and (4.11). The resulting equation has a separable form that can be split into the integro-differential equation for the time-independent universal rim profileh r (x),
and the time-dependent relation q
14)
where q is the separation constant. Taking
we observe that (4.14) is equivalent to relation (3.18), which was obtained by a scaling argument. In § 4.3 we solve the nonlinear integro-differential equation (4.13), thereby obtaining the power-law exponent β in the matching region (3.13) and showing that it is, in fact, given by (3.32). 
Solution of rim equation
The rim equation (4.13) with the boundary conditions (3.9)-(3.10) was solved numerically using the procedure described in appendix D.1, available at http://dx.doi. The universal rim profile corresponding to q = q * is shown in figure 2 ; the corresponding pressure (4.10) and stress (4.12) distributions are depicted in figure 3 .
The boundary value problem (3.9)-(3.10), (4.13) appears to have a turning point at q = q * , as discussed in appendix D.1 (online); solutions corresponding to q > q * are unphysical. For q < q * , the far-field profile is dominated by a quadratic component, i.e.h r (x) ∼x 2 forx → −∞. However, we reject the possibility of a rim profile with a power-law exponent β = 2 in the matching region (3.13) because this behaviour describes a stationary film shape characterized byḣ 0 (t) = 0 and h m (t) = 0, according to (3.20)-(3.21). For q → q * − the quadratic behaviour vanishes, leaving the square-root far-field film profile (4.17)-(4.18).
In § 5, we show that the square-root behaviour (4.17) matches the corresponding behaviour of the stress-free dome defined by (3.30). Accordingly, we conclude that the power-law exponent β in the matching region (3.13) is given by (3.32). This finding supports the earlier results presented in § 3 which were predicated on this assumption, i.e. that (i) the dome region is governed by the stress-free condition (3.30), and (ii) the film thickness decays according to the power-law exponents (3.33).
Exact far-field solution
To provide further evidence for the square-root film profile in the matching region, we demonstrate that (4.17) is actually an analytical solution of the rim equation (4.13) in the far fieldx → −∞. We show this in two steps. First, as shown in appendix B, a film profile that satisfies boundary conditions (3.9) and (3.10) forx = 0 andx → ∞ and exhibits the far-field behaviour (4.17) forx → −∞ produces a tangential stress distributionf (4.19) where d 1 is a constant. Second, by inserting this result and (4.17) into the rim equation (4.13), we achieve a balance between the terms with (4.20) where the numerical value is obtained from (4.16) and (4.18). Accordingly, we conclude that (4.17) is a far-field solution of the rim boundary value problem forx → −∞. We note that our numerical results are consistent with the far-field behaviour (4.19)-(4.20) as seen in the inset of figure 3(b).
Stress cancellation
As shown in appendix B, the rapid decay of the stress (4.19) away from the position of the minimum film thickness results from an exact cancellation of the viscous stresses generated by the square-root far-field film profile (4.17) (cf. (B 6)). This cancellation relies on the square-root shape of the film profile, and does not occur for other values of the power-law exponent β in the matching region (3.13).
The cancellation of the tangential stresses produced by the far field rim profile (4.17) is consistent with the cancellation of tangential stresses in the dome region at long times, as predicted in § 3.3.2 by scaling arguments. In § 5 this prediction is supported by a detailed analysis of the thin-film equations (2.4)-(2.8) in the dome region r 1.
Asymptotic dome profile
In this section we complete our asymptotic analysis of the film evolution at long times by solving the dome-profile problem. By rescaling thin-film equations in dome variables and taking the long-time asymptotic limit, we derive an integral equation for the stress-free dome shape that matches the rim profile found in § 4.3. We then present the numerical solution of the dome problem.
Fluid velocity
The asymptotic form of fluid velocity in the dome region is found by inserting the asymptotic scaling relation for the dome profile (3.3)-(3.4) into (4.1),
is the time-independent universal velocity distribution,
and the volume integralΩ d (r) is defined by (4.4). According to (5.1), the dome-scaled fluid velocityω(r, t), defined by (3.26), tends to the universal distributionω d (r) at long times, i.e.
At the centre of the dome, we havē
according to boundary condition (3.5). The velocity diverges at the edge of the dome because, on the dome scale, the film thickness vanishes for r → 1 according to the boundary condition (3.13). As shown below, the flow field in the rim region enters the analysis of the asymptotic dome profile because of the non-local dependence (2.8) of the tangential stress on the velocity field in the film. Thus, we require a composite representation of the dome-scaled velocity defined by (3.26) withω(r, t) given by (5.2) for the dome interior and by (4.6) for the rim and outer regions:
where δ is a cutoff position in the matching region (3.11).
Stresses in the dome
Inserting the asymptotic scaling relation for the dome profile (3.3)-(3.4) into (2.4), we have
where p d (r) is the time-independent universal pressure distribution that is the longtime limiting form of the dome-scaled pressure p(r, t) defined by (3.25), i.e. Nemer, P. Santoro, X. Chen, J. Bławzdziewicz and M . Loewenberg The dome-scaled tangential stressf (r, t), defined by (3.27), is given by the boundary integral (2.8) using the rescaled velocity (5.5). A universal time-independent stress profile is not attained in the dome region at long times due to the non-local dependence on the velocity, which introduces a dependence on both the dome and rim scales of the problem.
As discussed in § 3.3.2, the pressure gradient and tangential stresses do not, in general, balance in the dome region. Depending on the long-time asymptotic behaviour of the coefficient H(t) in the dome-scaled stress balance (3.28), pressure gradients or tangential stresses are controlling. According to (3.31), the result is determined by the value of the power-law exponent β in the matching region (3.13): for β > 2/3, pressure gradients control the stress balance equation resulting in a hydrostatic dome at long times; conversely, tangential stresses are controlling for β < 2/3 resulting in a stress-free dome at long times. Our analysis of the rim equation presented in § 4.3 confirms that the power-law exponent is given by (3.32) (i.e. β = 1/2), confirming that the stress-free condition (3.30) applies.
Regularized boundary integral for tangential stress
To facilitate further analysis of the dome region, we introduce the integral-operator notation for the boundary integral (2.8),
(5.9) Accordingly, the dome-scaled stress (3.27) is given bȳ
whereω(r, t) is the dome-scaled velocity and φ(r, R) ≡ φ(r/R). The dome-scaled velocity (5.5) diverges at r = 1 in the long-time limit (3.1). In the matching region (3.13) at the edge of the dome, we havē
as required for matching to the square-root far-field rim profile (4.17). It follows that the velocity and pressure have the rim-region singularities 13) according to (5.2) and (5.6), and by definition (5.9),
Given that φ(r, R) is non-zero at R = 1, (5.14) implies that the integrand in (5.8) has a non-integrable singularity in the long-time limit t → ∞ (i.e. δ → 0 in (5.5)).
To circumvent this difficulty, we perform a regularization procedure before taking the long-time asymptotic limit. We thus expand the Green's function φ(r, R) in a Taylor series about R = 1, as shown in appendix A.2 and obtain an expansion (A 7) that enables us to decompose φ(r, R) into a regularized partφ(r, R) and a remainder φ 1 (r, R) whose integral (5.8) is known analytically, i.e. φ(r/R) =φ(r, R) + φ 1 (r, R).
(5.15)
The remainder function φ 1 (r, R) is defined by 16) where the functions M 0 (r) and M 2 (r) are defined by (A 9) and (A 10). Inserting the Green's function decomposition (5.15) into the boundary integral (5.8), we obtain
The stress contribution from the remainder part of the decomposed Green's function, F [ω, φ 1 ](r, t), is explicitly evaluated with the help of the relations 18) which are obtained by partial integration with boundary conditions (4.8) and (5.4). Combining (5.8), (5.9), (5.16) and (5.18), we get
For a fixed value of r = 1, the regularized part of the decomposed Green's function vanishes quadratically in the rim region, 20) according to (A 7), where the function Q(r) is defined by (A 11). The integrand for the stress contribution, F [ω,φ](r, t), from the regularized part of the decomposed Green's function is thus integrable for R → 1, according to (5.14) and (5.20). By the asymptotic analysis presented in appendix C, we obtain
where the constant d 1 is given by (4.20). Finally, combining (5.17), (5.19), and (5.21), we have
According to the scaling laws (3.33),
so in the long-time limit M 0 (r) represents the entire contribution to the tangential stress in the dome region from the velocity in the rim and outer regions.
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(5.24)
Combining (5.24) and (5.22) yields the leading-order correction to a stress-free dome at finite times,f (5.25) which represents the time-decaying residual stress in the dome, according to (5.23). In the matching region (3.11), (5.25) reduces, with the help of expansion (A 14), tō 26) which, after converting to rim variables (3.6) and (4.11), is seen to be equivalent to (4.19).
The film profileh d (r) is obtained from the solutionω d (r) of (5.24) by inverting (5.2),h 27) where the volume integralΩ d (r) is given bȳ
Formula (5.28) is obtained by noting thatΩ d (r) satisfies the differential equation (5.29) according to (4.4) and (5.2), and integrating this equation with boundary condition (5.4). Finally, the pressure profile is derived from the film profileh d (r) and volume integralΩ d (r) as figure 4(a) .
The volume profileΩ(r) and the film thicknessh d (r) were derived from the velocity distribution using (5.27)-(5.28). The resulting film thickness profile, depicted in figure 4(b) , reveals that the stress-free dome resulting from our analysis lies above the hydrostatic dome (3.24), consistent with the results of our time-dependent numerical simulations presented in § 6. The volume of the stress-free dome is
according to our numerical calculations, which is larger than the valueΩ 1 = 1/4 for the hydrostatic dome (3.24) which is associated with tangentially immobile interfaces. Given that the rescaled dome volume is defined by (4.3), we note that the actual (unscaled) dome volume is asymptotically smaller for drops with tangentially mobile interfaces becauseḣ 0 (t) is asymptotically smaller in this case. Using (5.14), the amplitude,ᾱ, of the square-root film profile at the rim (5.11) was extracted from the numerical solution for the velocity profileω d (r). As shown in appendix D.2 (online), the result isᾱ = 0.7656.
(5.32)
The pressure field in the dome region was obtained from the velocity and volume profiles via (5.30); the resulting non-hydrostatic distribution is presented in figure 5(a) ; the time-decaying residual stress (5.25) is depicted in figure 5(b) . Summarizing the results of our asymptotic analysis, the film profile is given by h m (t)h(x) in the rim region and by h 0 (t)h d (r) in the dome, whereh(x) andh d (r) are the time-independent universal profiles. The long-time evolution of the film thickness in the dome and rim regions is described by the scaling laws (3.33) with coefficients given by (5.33) where the numerical values are obtained by inserting the numerical constants (3.32), (4.16), (4.18), (5.31) and (5.32) into (3.21) and (4.15).
The predictions of our long-time asymptotic theory are compared to numerical simulations in § 6.
Numerical simulations
Time-dependent numerical simulations of the thin-film dynamics were performed using a linearized implicit algorithm to solve the evolution equations (2.4)-(2.10), as described in Santoro (2007) . Our formulation is similar to the ad hoc 'semiimplicit' method of Rother et al. (1997) , but it gave superior resolution at long times. A time-dependent non-uniform discretization of the thin film was needed to maintain resolution of disparate length scales associated with the dome, rim, and outer regions; details are given in appendix D.3 (online). Boundary-integral simulations (with a similar adaptive interface discretization) were used to explore near-contact drop dynamics under finite-deformation conditions r ∞ /a = O(1). Our implementation of the boundary-integral method (Pozrikidis 1992 ) is described in Nemer (2003) . The initial conditions in our simulations correspond to undeformed drops (i.e. h 0 1 in the rescaled variables (2.2)) at t = −t 0 , where t 0 is the coalescence time for spherical drops starting from the same separation (Davis et al. 1989; Rother et al. 1997) . Accordingly, the simulation results depicted in figures 6-9 are insensitive to the initial separation.
A time sequence of film profiles in the dome and rim regions is depicted in figure 6 . The long-time asymptotic evolution in each region (dashed curves) correspond, respectively, to the solid curves in figures 4(b) and 2. A sequence of pressure and tangential stress profiles in the dome and rim regions is depicted in figures 7 and 8. FIGURE 9. Evolution of centre and minimum gaps (a) and evolution of gaps rescaled according to (3.33) (b); thin-film simulations (solid curves), boundary-integral simulations (dash-dotted curves, r ∞ /a as indicated), long-time formulas (3.33) and (5.33) (dashed lines).
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The results of our thin-film simulations shown in figures 6-8 support the longtime asymptotic solution (represented by dashed curves) developed herein. The results indicate that the asymptotic long-time solution is attained more quickly in the rim region than in the dome. The long-time stress-free dome forms gradually because of the slow O(t −1/5 ) decay of the residual stress predicted by (5.25) and represented by the dashed curves in figure 8(a) .
The results shown in figure 6(a) show that the film profile in the dome region approaches the stress-free asymptotic solution from above; at no point during the evolution does the dome profile resemble the hydrostatic dome (represented by the dotted curve in figure 6a ) which lies below the stress-free dome (dashed curve). This finding is consistent with the non-hydrostatic pressure profiles shown in figure 7(a) .
The time evolution of the centre and minimum gaps is shown in figure 9 . The thin-film simulations (solid curves) confirm the long-time evolution predicted by (3.33) and (5.33). The asymptotic long-time solution is attained slowly in the dome region due to the slowly decaying residual stress; as seen in figure 9(b), the coefficient of the power-law decay of film thickness in the dome region continues to evolve even at very long times.
The results of boundary-integral simulations depicted in figure 9 for finitedeformation conditions show an O(r ∞ /a) influence of deformation on the evolution of the centre and minimum gaps. For decreasing values of the deformation parameter r ∞ /a, the boundary-integral results approach the results of our thin-film simulations (which correspond to the small-deformation limit r ∞ /a → 0). It was not possible to continue boundary-integral simulations beyond the terminal points of the curves shown in figure 9 to fully verify the long-time scaling (3.33) for finite-deformation conditions. However, the close relation between the finite-and zero-deformation results at moderate times suggests that our long-time theory is robust to the effects of finite deformation, i.e. the centre and minimum gaps evolve according to the scaling relations (3.33), but with coefficients that are smaller by O(r ∞ /a) than those corresponding to the zero deformation limit. This conclusion is supported by the boundary-integral simulation depicted in figures 5 and 6 of Janssen et al. (2006) , which reaches longer times.
Discussion
Film rupture
Van der Waals stresses are neglected in our analysis but an order-of-magnitude estimate of the film rupture time can be obtained from our results. Under the assumption that film rupture occurs at long times, when van der Waals stresses (Hamaker 1937 ) become comparable to the hydrodynamic pressure in the rim region of the film, we obtain the criterion for film rupturē A/h 3 m ∼ (r ∞ /a) 6 , (7.1) whereĀ = A/(σ a 2 ) is the dimensionless Hamaker parameter, A is the Hamaker constant, and the minimum film thickness, h m , is rescaled according to (2.2). Then, using (2.1) and time-dependence of the film thickness in the rim region (3.33), we obtain the estimate for the film rupture time,
2) whereF = F/(σ a) is the dimensionless driving force, and the exponent is given by m = 5/4. The incorrect long-time scaling (1.1) yields m = 3/2. Here, A 1/3 F 1 is assumed, where the upper bound is required for small deformation and the lower bound is required for t 1.
Ambient flow
Here we consider the restrictions that an ambient flow may place on our analysis of the near-contact motion of drops in a quiescent fluid. The influence of a drop-scale internal velocity field driven by an ambient flow is neglected herein but it has been shown that such a flow can qualitatively affect the near-contact motion of drops with mobile interfaces at long times, even under small deformation conditions (Nemer et al. 2004 (Nemer et al. , 2007 Lai, Bremond & Stone 2009; Santoro & Loewenberg 2009) .
To illustrate the influence of an internal velocity field, we consider the case of two force-free drops pressed together by the axisymmetric straining flow
re r − ze z ),
where G is the ambient strain rate and (r, z) is the cylindrical coordinate system defined in figure 1(b) . The flow generates a hydrodynamic force, F ∼ µGa
2
, that presses the drops together. However, as a result of the drop-scale internal velocity driven by the ambient flow, the near-contact motion of the drops is arrested at long times, leading to a stationary configuration characterized by Nemer et al. (2004) :
and h m ∼ (λCa) 2 , (7.4)
where Ca = µGa/σ is the capillary number and Ca 1 is assumed, consistent with small deformation conditions. A scaling argument based on the relative magnitudes of the drop-scale internal velocity and the film drainage velocity leads to the conclusion that the internal velocity is negligible provided that (Nemer et al. 2007) t (λCa) −1 . (7.5) Under these conditions the analysis presented herein applies; at longer times, the internal velocity field associated with the ambient flow becomes important and cannot be ignored.
Conclusions
We have presented a long-time asymptotic solution of the thin-film equations for drops with tangentially mobile interfaces. The picture that emerges from our analysis contradicts the classical understanding based on the assumption of a hydrostatic central dome region. We show that the long-time regime is instead characterized by a stress-free central dome and that this leads to new predictions for the evolution of the system; in particular, the minimum and centre gap evolve, respectively, as h m = 0.4876t −4/5 and h 0 = 1.007t −3/5 in the long-time limit. The new predictions are quantitatively confirmed by thin-film simulations. Boundary-integral simulations suggest that the long-time evolution under finite-deformation conditions is qualitatively similar to that predicted for small-deformation conditions.
